EQUIVARIANT ISOSPECTRALITY AND SUNADA'S METHOD 



CRAIG J. SUTTON 

Abstract. We construct pairs and continuous families of isospectral yet locally non-isometric 
orbifolds via an equivariant version of Sunada's method. We also observe that if a good 
orbifold O and a smooth manifold M are isospectral, then they cannot admit non-trivial finite 
Riemannian covers Afi O and M2 M where M\ and M2 are isospectral manifolds. 



1. Introduction 

An orbifold is a generalization of a manifold where we allow the coordinate charts to be 
modeled on quotients of euclidean space. To be more precise, an n-dimensional orbifold chart, 
on a second countable Hausdorff space O, is a triple {U, F^/, vTf/), where U is an open subset of O, 
Tjj is a finite group of diffeomorphisms of M", and ttu : R" U is a Ffz-invariant mapping that 
induces a homeomorphism between the quotient space r[/\M"' and U. An orbifold structure on 
O is a collection {{Ua,^a,'^a)}aeJ of n-dimensional orbifold charts where O = Ua&jUa and 
the charts satisfy a compatibility condition. A consequence of the compatibility condition is 
that it ensures that if x is in the intersection of two charts (C/i,ri,7ri) and (^727 vr2), then 
for any xi G 7r^^(2;) and X2 £ T^-i^ix), the isotropy groups Fi^^ and T2X2 are isomorphic. This 
common group is called the isotropy of x and we will say that a point is singular if it has 
non-trivial isotropy. 

Orbifolds arise quite naturally in the context of group actions. Indeed, if F is a group of 
diffeomorphisms acting properly discontinuously on a manifold M with a fixed-point set of 
codimension at least two, then the quotient space T\M is an orbifold [Thj . It is common to 
refer to an orbifold arising as a quotient of a manifold as a good or global orbifold, otherwise 
the orbifold is said to be bad. 

In the case of a good orbifold it is clear how one should define various analytic and geometric 
concepts. For instance, if O = V\M is a good orbifold, then a function / : O — t- M is said to 
be smooth if its lift to M is a smooth function. In this way we see that the space of smooth 
functions on O is naturally identified with the space of F-invariant smooth functions on M. 
Since an arbitrary orbifold is locally a good orbifold, we will agree to say that / : O — >■ M 
is smooth if its pullback on each local coordinate system is smooth. Similarly, a Riemannian 
structure on a good orbifold O = T\M is defined by a F-invariant Riemannian metric on M 
(for a detailed discussion of the general case see fW^, Sec. 2]). Continuing in this fashion we 
may extend the study of geometric analysis to orbifolds. In particular, the classical inverse 
spectral problem carries over naturally to this setting. 
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Indeed, the Laplace operator associated to a Riemannian orbifold O will be defined 
locally through the coordinate charts, and as in the case of a Riemannian manifold one can 
see that the eigenvalues form a non-decreasing sequence of non-negative real numbers tending 
towards infinity |1C]. This sequence is known as the spectrum of the orbifold and as usual we 
will agree to say that two orbifolds sharing the same spectrum are isospectral. Recently, it 
has become of interest to explore the relationship between the geometry of an orbifold and its 
spectrum. For a nice introduction to orbifolds and the isospectral problem we refer the reader 
to jWj. 

This note is motivated by the question of whether one can "hear" the presence of a singu- 
larity. That is, we wonder whether it is possible to construct a pair of isospectral orbifolds 
where one orbifold has singular points while the other does not. In support of the existence 
of such a pair, we note that there are examples of isospectral good orbifolds with a common 
cover for which the size of the maximal isotropy group differs |RSWj . However, in |GR| it was 
shown that whenever two isospectral good orbifolds share a common Riemannian cover their 
respective singular sets are either both trivial or both non-trivial. Thus, setting aside bad 
orbifolds, one needs to examine isospectral orbifolds without common Riemannian coverings. 
With this in mind we recast Sunada's method in the context of equivariant isospectrality. 

Given a compact Lie group G, we will say that two Riemannian G-manifolds Mi and M2 
are equivariantly isospectral with respect to G if there is a unitary isomorphism U : L^(Mi) — ?> 
LP'{M2) intertwining the Laplacians which is also an equivalence of the natural G-representation 
{g ■ f){x) = f{g~^ ■ x), where g & G and / G L'^{Mi) [i = 1,2). We then have the following 
equivariant version of Sunada's theorem. 

Theorem 1.1. Let (G, ri,r2) he a triple of finite groups where ri,r2 < G are subgroups such 
that for any conjugacy class C C G we have #{Ti Ci C) = #(r2 n C). Then, if Mi and M2 
are G -equivariantly isospectral manifolds, the orbifolds T\Mi and r2\M2 are isospectral. (See 
Theorem \2. 7| for a more general statement.) 

Using the theorem above we obtain pairs and continuous families of isospectral good orbifolds 
without common Riemannian covers (see Section [3|). These spaces arise as finite quotients of 
the equivariantly isospectral simply-connected spaces constructed in |G1] |Sch3j and jSutj , and 
appear to be candidates for demonstrating that you cannot hear the presence of a singularity. 
However, the following theorem shows that singularities are "audible" within the class of 
isospectral orbifolds formed via Theorem ll.il 

Theorem 1.2. Let Oi and O2 be isospectral good orbifolds. //vri : Mi — t- Oi and 7r2 : M2 — s- O2 

are non-trivial finite Riemannian orbifold covers with Mi and M2 isospectral manifolds, then 
Oi has a singular point if and only if O2 has a singular point. 

2. An equivariant Sunada method 

Let G be a compact Lie group which acts via isometrics on a Riemannian manifold {M,g). 
Then G has a natural representation on L'^{M) where for each / € L'^(M) the function g.f is 
given by 

{g.f){x)^f{g-'x). 

We denote this representation by r*^. Since G acts via isometries on {M,g), we see that 
commutes with the Laplacian A. Hence, the decomposition of L^{M) into A-eigenspaces, 
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given by L'^{M) = ©AeSpec(A)-^^(-^)A) is invariant under . Letting G denote the set of 

equivalence classes of irreducible representations of G we may also decompose Lp'{M) into 
G-invariant subspaces as follows 

L\M) = e[^,ggL2(M), 

where Lp(M) is the closed linear span of all irreducible subspaces of L'^{M) on which r*^ is 
equivalent to p. Using the invariance of the A-eigenspaces under t'-' we see that A preserves 
this decomposition and we let Spec(A|^2(j^^)) = {A^ < A2 < • • • } denote the (possibly finite) 

spectrum of A : L^p{M) L'j^iM). 

Definition 2.1. Let G be a compact Lie group acting via isometrics on the Riemannian 
manifolds {Mi,gi) and {M2,g2)- Then (Mi,gi) and (M2,g2) are said to be equivariantly 
isospectral (with respect to G) if Spec(A|/^2(Af^)) = Spec(A 12,2(^^2)) for each [p] € G. 

Equivalently, we have the following. 

Definition 2.2. Two Riemannian G-manifolds (Mi,gi) and {M2,g2) are said to be equivari- 
antly isospectral (with respect to G) if there exists a unitary map U : L?'{Mi) — )• L^(M2) such 
that 

(1) U o = A2 o U ; that is, Mi and M2 are isospectral. 

(2) U o = T2 o U; that is, the natural representations are equivalent via U. 

Remark 2.3. One can check that the isospectral spaces discussed in [Gl^ ISchU ISch2l ISut] 
and |Sch3l Theorem 4.1] are equivariantly isospectral. 

Before we state the equivariant Sunada method we need to introduce Pesce's notion of K- 
equivalence [Pes] . We begin by recalling that given two representations ti : G ^ GL{Vi) 
and T2 : G ^ GL(V2) the multiplicity of ri in T2 , denoted [t2 : ri], is defined to be 
dim(HomG(Vi, ^2)), where HomG(Vi,V2) is the set of bounded linear maps T : Vi ^ V2 
such that T o '7Ti{g) = ■K2{g) o T for any g G G. Now, let G be a compact Lie group and let 
G denote the set of (equivalence classes of) irreducible representations of G. For any K < G 
closed we define 

GK = {peG: [Resg(p) : Ik] + 0}, 

where Res^(/9) denotes the restriction oi p K and \k denotes the trivial representation of 
K. Therefore, Gk is the set of irreducible representations of G which have non-trivial i^-fixed 
vectors. 

Definition 2.4. Let {t\^V\) and (t2,1^) be two representations of G such that [rj : p] < 00 
for any p E G (i = 1,2) and let < G be a closed subgroup. We will say that t\ and T2 are 
K-equivalent representations, denoted ri T2, if [n : p] = [t2 : p] for each p G Gk', that is, 
the restrictions of ri and T2 to the smallest G-invariant subspaces of Vi and V2 (respectively) 
which contain all of the K-iixed vectors are equivalent. In the case where K is trivial we obtain 
the usual notion of equivalence and write ri ~ r2. 

Definition 2.5. Let G be a compact Lie group. 
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(1) Given a closed subgroup H < G we define the quasi-regular representation of G on 
L'^{G/H), denoted vr^^, via 

(7rg(5)/)(x)=/(5-i.x), 

for any g £ G and / G L'^{G/H). That is, vr^ is the representation of G induced by the 
trivial representation of H, which is often denoted by Ind^(lff). We refer the reader 
to [P, Sec. 6.1] for a discussion of induction. 

(2) Given subgroups K, Hi, H2 < G we will say that Hi and H2 are K -equivalent subgroups 
if and only if vr^^ vr^^. In the case where K is trivial we say Hi and H2 are 
representation equivalent subgroups. 

(3) If G is a finite group, then subgroups Hi,H2 < G are said to be almost conjugate 
or Gassmann-Sunada equivalent if and only if #([5]g ^ Hi) = #([(7]g H -^^2) for any 
g £ G, where [g]G denotes the conjugacy class of g in G (see [Sun] ). In this case we 
call {G, Hi, H2) a Gassmann-Sunada triple. 

Remark 2.6. If G is finite, then {G, Hi, H2) is a Gassmann-Sunada triple if and only if 

We now state and prove our equivariant Sunada technique. 

Theorem 2.7. Let Mi and M2 be two (possibly isometric) isospectral Riemannian manifolds 
and let G be a compact Lie group such that 

(1) G acts by isometrics on Mi and M2. 

(2) Ml and M2 are equivariantly isospectral with respect to G. 

(3) The actions of G on Mi and M2 have the same generic stabilizer K < G. 

Now suppose that Hi,H2 < G are closed, K -equivalent subgroups which act on Mi and M2 
respectively such that the Riemannian submersions 

vr, : M,^Hi\Mi {i = 1,2), 

have minimal fibers, where Hi\Mi has the induced metric. Then Hi\Mi and H2\M2 are 
isospectral on functions. 

Remark 2.8. In the case where Mi and M2 are isometric and G is a finite group which acts 
freely we obtain Sunada's method. 

Remark 2.9. The proof is essentially the same as in |Sutj . where we demonstrated that one can 
construct simply-connected, locally non- isometric isospectral spaces through a generalization 
of Sunada's method. 

Proof. For each i = 1,2 and A G Spec(Mj) we let and denote the natural representations 
of G and Hi on L'^{Mi)x respectively (see p. [2]). Since the Riemannian submersions tti : Mi 
Ni and tt2 : M2 — ?• N2 have minimal fibers it follows that for each A G Spec(Mi) = Spec(M2) 
we have 

dimL\Hi\M,)x = [rf; : l^J (i = 1,2). 

Hence, Hi\Mi and H2\M2 are isospectral if and only if [t^^ : 1//J = [r^| : 1h^] for each A G 
Spec(Mi) = Spec(M2). Now, since t^^ — Hes^.lr^^), where Res^(/?) denotes the restriction of 
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the representation p of G to the closed subgroup H < G,we obtain using Frobenius' reciprocity 
theorem: 

= 5^[r5,:p][Resg,(/5):lj^J 

pGG 

= J]jr3, :p][Indg^(lHj:p] 

pGG 

peG 

We now recall the following theorem of Donnelly. 

Theorem 2.10 ( |Dolj . p. 25). Let G be a compact Lie group and X a compact, smooth 
G-space with principal orbit type G/K; that is, K is the generic stabilizer of the G-action 
on X. Then the decomposition of L'^(X) into G -irreducibles contains precisely those finite 
dimensional representations appearing in the decomposition of ttj^ = Ind^(li^) the quasi- 
regular representation of G with respect to K . Also, if the orbit space G\X has dimension 
greater than 1, then each irreducible appears an infinite number of times. 

Using Frobenius' theorem once again we have [tt^ : p\ = [Res^(p) : 1k\ for each p E G; 
hence, from Donnelly's result we conclude that for each z = 1, 2 we have 

peGK 

where Gk = {p ^ G : [Res^(/>) : Ik] 0}. Since (Mi, 51) and {M2,g2) are equivariantly 
isospectral and Ind§^(li^J and Ind^2(l//2) are JC-equivalent representations, it follows that 
[t^I : 1hi] = [t^J ■■ liTa] for all A G Spec(AMi) = Spec(AM2)- Hence, Hi\Mi and H2\M2 are 
isospectral. 

□ 

Proof of Theorem \l.l\ By Remark 12.61 this is just a special case of Theorem 12.71 □ 

3. SUNADA ISOSPECTRAL ORBIFOLDS WITH DIFFERENT LOCAL GEOMETRIES 

In this section we use the equivariant Sunada method to construct examples of isospectral 
good orbifolds without a common Riemannian cover. First, we recall that in |Sut| we showed 
that there is a connected compact semisimple Lie group H with the following properties ( |Sut|, 
Cor. 3.4]): 

(1) I{ admits faithful representations pi : H SU(n) and p2 ■ H SU(n) for all n greater 
than some Nh', 
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(2) Hi = pi{H) and H2 = P2{H) are representation equivalent subgroups of SU(n) that 
are not conjugate via any automorphism; 

(3) the manifolds SU(n)/f/'i and SU(ri)/i?2 are simply-connected. 

It follows that the Riemannian manifolds (SU(n)/iifi, g'l) and (SU(n)//f2, 52)) where gi and 
§2 are the metrics induced by the bi- invariant metric on SU(n), are isospectral yet locally 
non-isometric [Sutl Thm. 3.6]. In fact, one can readily see that these spaces are equivariantly 
isospectral with respect to SU(n). Hence, for any finite representation equivalent subgroups 
ri,r2 < SU(n) one obtains a pair of locally non-isometric isospectral orbifolds ri\ SU(n)/i?i 
and SU(n)/ff2- In particular, we may take Ti = r2 < SU(n). Alternatively, we may 
proceed as follows. 

Let Hhesu Lie group as in the previous paragraph and let (G, Fi , r2) be a Gassmann-Sunada 
triple. Then for any n > Nh that is sufficiently large we may find an injective homomorphism 
of G into SU(n). For example, if iy,p) is a faithful unitary representation of the finite group 
G, then 



is a (non-trivial) homomorphism of G into SU(dim(y)-|-l) and letting n > max{NH , (iim{V) + l) 
we obtain the appropriate representation. It then follows that {S\J{'n)/ Hi, gi) and {S\]{n)/ H2, g2) 
are G-equivariantly isospectral and we conclude from Theorem 11.1 1 that (ri\ SU(n) /Hi,gi) and 
{T2\S\J{n)/ H2, g2) are isospectral quotient spaces. If n is taken to be sufficiently large we can 
arrange for both quotient spaces to be manifolds. 
We summarize the preceding discussion as follows. 

Proposition 3.1. Let (G, ri,r2) be a Gassmann-Sunada triple and let H be as above. Then 
there is an N = N{G,H) such that for n > N, the normal homogeneous spaces SU{n)/Hi 
and S\J{n)/H2 admit effective G-actions with respect to which the quotients ri\SU(n)/i?i and 
T2\S\]{n)/ H2 are isospectral yet locally non-isometric. 

Remark 3.2. In the above one can also consider any left-invariant metric g on SU(n) which is 
also right-invariant with respect to Hi and H2. However, we do not know (except in the case 
where g is bi-invariant) whether the resulting quotient spaces will be non-isometric. It is also 
still unknown whether the underlying topological spaces S\J{n)/Hi and S\J{n)/H2 are homeo- 
morphic. If they prove to be non-homeomorphic, then the isospectral manifolds {S\J{n)/ Hi, gi) 
and (SU(n)//72) 52); where gi and 52 are normal homogeneous, would demonstrate that the 
topological universal cover is not a spectral invariant. All other known isospectral manifolds 
have homeomorphic universal covers. 

Remark 3.3. In |Sch3j pairs of isospectral metrics were constructed on the 5-dimensional 
sphere. These metrics are equivariantly isospectral with respect to a non-free isometric action 
of the 2-torus . It follows from Theorem 12.71 that for any finite group T < one obtains 
isospectral metrics on the spherical orbifold T\S^ and for certain T this orbifold has a non- 
trivial singular set. 

As we noted in the introduction, it is an interesting question to determine whether one can 
discern the presence of a singularity from knowledge of the spectrum. The preceding collection 
of isospectral quotient spaces appears to hold some promise of containing an example of a 
manifold that is isospectral to a space with singularities. However, Theorem 11.21 the proof of 
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which is given below, ensures that no such example exists among the pairs Ti\S\J{n)/Hi and 
T2\S\J{n)/ H2 constructed above. 

Before we give the proof of Theorem 11.21 we recall the definition of an orbifold covering map. 

Definition 3.4. Let X and y be two n-dimensional Riemannian orbifolds. A mapping p : 
X y is said to be a Riemanian orbifold covering if for each y y there is a coordinate 
chart {U,Tir,TTu) containing y such that: 

(1) p~^{U) is a disjoint union of coordinate charts {{Va,Ta,iTa)}aGJ', 

(2) for each a €z J there is a monomorphism Zq, : Fq, — )• Tu; 

(3) for each a G J there is an isometry pa ■ {W^,ga) — ^ where ga and gjj are the 
Riemannian structures corresponding to the coordinate charts Va and U respectively, 
such that Pa (7 • x) = ia{l) ■ Pa{x) for each 7 € Tq, and x € M"', and i^u °Pa = Pa° T^a, 
where pa is the restriction of p to Va- 

Remark 3.5. Good orbifolds are characterized by the property that they admit (Riemann- 
ian) orbifold covers that are manifolds. For more details on orbifold coverings the reader is 
encouraged to consult \Ch\ Sec. 3]. 

Proof of Theorem Given an orbifold y we let 'Ey denote the collection of singular points 
of y. Then y — T,y is an open and dense set. Now suppose p : X ^ y is a Riemannian orbifold 
cover of complete spaces where each fiber is countable. (For instance, p could be the quotient 
map associated to a properly discontinuous action of a discrete group on a manifold.) Then 
for any xq € TT~^{y — T,y) we may define the Dirichlet fundamental domain of p with center 
xq to be the set Cxq = {x G X : d{xo,x) < d{xo,x') for any x' 7^ x G F^}, where denotes 
the fiber of p through x. Fixing xq as above, one can check that the fundamental domain has 
the following properties (cf. [E, Proposition 1.9.29]): 

(1) {Cx}xeFa:g is a collection of pairwise disjoint open sets; 

(2) X = UxeF^^Cx] 

(3) The measure of the boundary of Cx is zero for each x G Fxq] 

(4) vol(C^) = vol(O) for all x G F^^. 

Now, let TTi : Afi — > Oi and 712 : M2 —?■ O2 be as in the hypotheses, and for each i = 1,2, 
let Ci C Mi be the Dirichlet fundamental domain of tTj centered at some Xj G Mj — 7r~^(Sc).). 
Then we see that vol(Mi) = di ■ vol(Ci) = di ■ vol(Oi), where di is the order of Fx^, and, using 
the fact that volume is a spectral invariant, we conclude from our hypotheses that di = d2- 

We now recall that for any closed good orbifold O with eigenvalue spectrum Ai = < A2 < 
^3 ^ • ■ ■ +00, we have the following asymptotic expansion of the heat trace due to Donnelly 
[Do2\ (cf. [DGGWi Theorem 4.8]): 




where S varies over the strata of the singular set of O and where 




k=0 
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with 60,5 7^ 0. The coefficients in the first part of the asymptotic expansion above are given 
in terms of integrals (with respect to the Riemannian density) of expressions in the curvature 
of O and its covariant derivatives. Now, if vr : M — )■ O is a finite Riemannian cover of degree 
d and {dk}k>o denotes the corresponding heat invariants of M, then at = d ■ ak- Therefore, if 
we let ai^k denote the corresponding terms of Donnelly's asymptotic expansion for the orbifold 
Oi, it follows from the isospectrality of Mi and M2 (and the fact that di = ^2) that the heat 
invariants ai^k and 02, are equal for each non-negative integer k. It then follows, since 69,5 
is positive for each singular strata S [DGGW[ p. 218-220], that Oi has singular points if and 
only if O2 has singular points. □ 

Remark 3.6. In jDo2j there is a typographical error in the statement of Donnelly's asymptotic 
expansion. In the proof above, we have used the correct statement as found in |DGGW] where 
the asymptotic expansion is generalized to include all orbifolds. 

Corollary 3.7. Let Mi and M2 be two isospectral closed Riemannian manifolds and let Ti 
and T2 be two discrete groups acting properly dis continuously and isometrically on Mi and M2 
respectively. If the quotient spaces ri\Mi and T2\M2 are isospectral, then Ti acts freely on 
Ml if and only if T2 acts freely on M2 ■ 

We note that Donnelly's asymptotic expansion of the heat trace also demonstrates that 
if a good orbifold O with singular points and a manifold M have a common Riemannian 
covering, then they cannot be isospectral |GR) . It is also shown in [DGGW] . through an 
asymptotic expansion of the heat trace valid for all orbifolds, that if an even (respectively, 
odd) dimensional orbifold has a singular strata of odd (respectively, even) dimension, then it 
cannot be isospectral to a smooth manifold. 

We conclude this note with the following observation concerning isospectral metrics on 
spherical orbifolds. 

Proposition 3.8. For each n > 8 there are spherical orbifolds of dimension n that admit 
multiparameter families of isospectral yet locally non-isometric metrics. 

Proof. We recall the following method due to Gordon. 

Theorem 3.9 ( |Glj Thm. 1.2). Let T be a torus. Suppose T acts by isometrics on two 
compact Riemannian manifolds Mi and M2 and that the action of T on the principal orbits 
is free. Let M'- be the union of all the principal orbits in Mi, so M- is an open submanifold 
of Mi and a principal T-bundle, i = 1,2. For each subtorus K < T of codimension at most 
one, suppose that there exists a diffeomorphism tk '■ Mi M2 which intertwines the actions 
of T and which induces an isometry fx between the induced metrics on the quotient manifolds 
K\M[ and K\M2. Assume further that the isometry fx satisfies fK*{H p^) = LL^, where H^j^ 
is the projected mean curvature vector field for the submersion M[ — )• K\M-. Then in the case 
that Ml and M2 are closed, they are isospectral. In the case where Mi and M2 have boundary, 
then they are Dirichlet isospectral, and under the additional assumption that d{Mi) n M^ is 
dense in d{M'j) (i = 1,2), the manifolds are also Neumann isospectral. 

In the proof of the above Gordon constructs an explicit intertwining operator Q : L^(Mi) — >■ 
L'^{M2) of the Laplacians Ai and A2 which one can see is T-equivariant. Hence, the isospectral 
manifolds constructed via Thorem 13.91 are T-equivariantly isospectral. Gordon then considers 
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for n > 8 the standard n-sphere 5"" C M"+^ = ® © M"^^ with the natural action of 
= S0(2) © S0(2) © In-3, and uses Theorem 13.91 to construct multiparameter families of 
locally non-isomsetric T^-equivariantly isospectral metrics on [Gl, Cor. 3.10]. Since each 
element of fixes at least a sphere of dimension n — 4, we see that the T^-action is not 
free and it follows from our equivariant Sunada method (Theorem 12. 7p that for any finite 
subgroup r < the good orbifold r\S"" admits a non-trivial multiparameter family of locally 
non- isometric metrics. □ 

Remark 3.10. We note that instead of using the equivariant Sunada technique, the above 
can also be seen by applying a simple perturbation argument to Gordon's sphere examples. 

Acknowledgments. We thank the referee for suggesting that we consider Gassmann-Sunada 
triples in Section [3l 
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